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ELEMENTS OF FINITE ORDER
FOR FINITE MONADIC CHURCH-ROSSER THUE SYSTEMS
BY
FRIEDRICH OTTO

ABSTRACT. A Thue system T over X is said to allow nontrivial elements of finite
order, if there exist a word u € =* and integers n > 0 and k > 1 such that u «» ¥\
and u"** & % 4" Here the following decision problem is shown to be decidable:

Instance. A finite, monadic, Church—Rosser Thue system 7T over =.

Question. Does T allow nontrivial elements of finite order?

By a result of Muller and Schupp this implies in particular that given a finite
monadic Church-Rosser Thue system T it is decidable whether the monoid pre-
sented by T is a free group or not.

Introduction. Thue systems are string rewriting systems often studied in computa-
bility theory, combinatorial (semi-) group theory, and formal language theory. They
are used to present monoids and groups [13, 15], and to specify languages as unions
of congruence classes, leading to the class of “congruential languages” [3, 9, 19].

Thue systems that satisfy the Church—Rosser property [3, 4, 9] are of special
interest, since a finite Church—Rosser Thue system defines a unique normal form for
each of its congruence classes, and any word can be reduced in linear time to the
normal form of its class [4]. If in addition to being finite and Church—Rosser, a Thue
system T is monadic, then many decision problems for T are decidable, e.g., the
power problem, the generalized word problem for regular sets, the independent set
problem for finite sets [6], and the problem of deciding of whether the monoid
presented by T is a group [5]. By using the results of [7, 8] it can be shown easily that
also the following problem is decidable for a finite, monadic, Church-Rosser Thue
system T over Z:

Instance. A word w € =*,

Question. Is w a nontrivial element of finite order for 7'?

Here we want to consider the following generalization of the problem stated
above:

() Instance. A finite Thue system T over Z.

Question. Does there exist a nontrivial element of finite order for 7'?

This problem is undecidable in general, since the property of not having nontrivial
elements of finite order is a Markov property [16], (see, e.g., [17]). On the other hand,
Lallement has given a syntactic characterization for those one-rule Thue systems that
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have nontrivial elements of finite order [12]. Here we will prove that problem (*) is
decidable when it is restricted to finite Thue systems that are monadic and
Church-Rosser.

After giving the basic definitions and notation, we first deal with the problem of
deciding whether or not a given Thue system has a nontrivial idempotent. Since
idempotents are specific elements of finite order, this is a restriction of problem (x).
In §2 this restricted problem is solved for finite, special, Church—Rosser Thue
systems, and in §3 this solution is extended to finite, monadic, Church—Rosser Thue
systems. Then this result is used in §4 to establish our main result, which states that
it is decidable whether or not there exist nontrivial elements of finite order for a
given finite, monadic, Church—Rosser Thue system. Finally, we give an application
of the main result to the problem of deciding whether or not the monoid presented
by a given finite, monadic, Church—Rosser Thue system is a free group.

1. Preliminaries. Let X be a finite alphabet, and let £* be the set of all words over
2 including the empty word A, i.e., £* is the free monoid generated by = under the
operation of concatenation with the empty word A as identity. For w € 2*, the
length of w is denoted by |w|: |A| = 0, and |wa| = |[w| + 1 for allw € Z* and a € =.
The concatenation of words u and v is simply written as uv, and numerical
superscripts are used to abbreviate words, i.e., for all w € =*, wl= A, and w't! =
ww” for all n > 0.

A Thue system T over 2 is a subset of 2* X =* The members of T are called
(rewriting) rules. For a Thue system T over 2, domain(T') = {/|Ir € Z*: ([, r) € T},
and range(T) = {r|3l € Z*: (I,r)€ T}. A Thue system T is called special, if
domain(T) € =* — {A} (= =), and range(T') = {A}, and it is called monadic if all
the rules of T are length-reducing, and range(7) € 2 U {A}.

For a Thue system T over =, the relation « ;is defined as follows: Vu, v € Z*:
u < pvifand onlyif 3x,y € 3* (/,r) € T: (u = xly and v = xry) or (u = xry and
v = xly). Then the reflexive and transitive closure < ¥ of < ,is a congruence on Z*,
the Thue congruence generated by T. If u « % v, one says that u and v are congruent
(modulo T'). The congruence class [u]; of u is the set {v € Z*|v & Fu}.

It is well known that the set of congruence classes {[u];|u € £*} forms a monoid
under the operation [u] o[v]; = [uv]; with identity [A],. This monoid is denoted as
3* /< ¥ and the ordered pair (2; T') is called a presentation of this monoid.

Let T be a Thue system over 2. A word w € 2* is called an element of finite order
for T if there exist integers n > 0 and k > 1 such that w"** & % w”. If in addition
we % X does not hold, i.e., w «» ¥ A, thenw is a nontrivial element of finite order for T.

In this paper we are concerned with the problem of deciding whether or not there
exist nontrivial elements of finite order for a given Thue system T over 2. More
formally this problem is stated as follows:

Instance. A finite Thue system T over 2.

Question. Does there exist a nontrivial element of finite order for 7'?

In general, this problem is undecidable, since the property of not having nontrivial
elements of finite order is a Markov property [16], (see, e.g., [17]). However, we want
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to restrict our attention to finite, monadic, Church—Rosser Thue systems. Here a
Thue system T over 2 is called Church—Rosser if, for every choice of x and y, x & ¥
y implies that, for some z € 2*, x - % z and y - ¥ z, where — % denotes the
reflexive and transitive closure of the relation — ;. defined as follows: Vu, v € 2*:
u — yvif and only if u © v and |u| > |v]. If x = ¥ y, then x is an ancestor of y and
y is a descendant of x (modulo T'). A word w is irreducible (modulo T) if there is no y
such that w — . y; otherwise, w is reducible (modulo T'). With IRR(T) we denote the
set of all irreducible words.

If T is a finite Thue system over Z, then the set IRR(7') is a regular set. If 7" is
finite and monadic, then for each regular set R C 2*, the set A%(R) = {y € Z*|3w
€ R: w — ¥ y} of descendants of R modulo T is itself a regular set [7], and if, in
addition, T is Church-Rosser, then for each regular set R C 2*, the set [R],= {»
€ 2*|3w € R: w © % y} is a deterministic context-free language [7]. In particular,
for a finite, monadic, Church—Rosser Thue system, the word problem is decidable in
linear time [4].

2. Idempotents for special Church—Rosser Thue systems. Let 7 be a Thue system
over 2. A word u € Z* is called an idempotent for T if it satisfies u? < * u. If, in
addition, u ¢ ¥ A, then u is a nontrivial idempotent for T.

Obviously, a nontrivial idempotent is a nontrivial element of finite order. Thus, if
we can show that a given Thue system 7 has a nontrivial idempotent, then we know
that T allows nontrivial elements of finite order.

In this section we are dealing with the problem of deciding for a given finite
special Church—Rosser Thue system T over X, whether or not there exists a
nontrivial idempotent u € 3* for 7.

Let T be a Thue system over =. Two words u, v € 2* are cyclically equal modulo T
(u = rv), if there exist words x, y € Z* such that xy © ¥ u and yx < ¥ v [20].

Now we can characterize idempotents for a given special Church—Rosser Thue
system as follows:

LemMMA 2.1. Let T be a special Church—Rosser Thue system over 2, and let u € Z*.
Then the following three statements are equivalent:

(i) the word u is an idempotent for T;

() u = A;

(iii) there are words x,y € Z* such that u = xy and yx — % \.

PROOF. (i) = (iii): If u is an idempotent for 7, then u? &% u. Since T is
Church-Rosser, there is a unique irreducible descendant u; € =* of u modulo T.
Hence, we have u? & * u? & * y & % y, implying that u? — * u,. Since T is special,
this shows that u; = x, y; for some words x,, y; € 2* with y; x;, =% A. Now u = ¥
u, = x, y, implies that u = xy for some words x, y € 2* withx = x,andy —>F y,.
Hence, u = xy withyx = ¥ y;x; = ¥ A.

(iii) = (ii): This is obvious.

(i) = (i): If u =, A, then there exist words x, y € 2* such that u &% xy and
yx < % \. Hence, u? © ¥ xyxy © % xy © % u, ie., uis an idempotent for 7. O
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So for a special Church—~Rosser Thue system T over Z, a word u € 2* is an
idempotent if and only if it can be factored as u = xy with yx — % A. Thus, the Thue
system 7 has a nontrivial idempotent if and only if there exists a nonempty word
u € IRR(T) of the form u = xy with yx — ¥ A.

Define an operation CYCLE on the set Z(Z*) of languages on Z as follows:

CYCLE(L) = {yx|xy € L},

i.e., CYCLE(L) is the language containing all the cyclic permutations of words of L.
With the aid of this operation we can express the existence of nontrivial idempotents
for a special Church—Rosser Thue system T over = as follows: T has a nontrivial
idempotent if and only if A € A%(CYCLE(IRR(T) — {A})).

Given a finite Thue system 7 over X, we can effectively construct a finite state
acceptor A,(T) for the regular set IRR(T") — {A} [4]. From A,(T) we get a finite
state acceptor A,(T) for CYCLE(IRR(T') — {A}) (cf. [11]), from which we can
construct a finite state acceptor A,(7T) for A%(CYCLE(IRR(T) — {A})) (8], pro-
vided that the Thue system 7T is monadic. Thus, a finite special Church—Rosser Thue
system T has a nontrivial idempotent if and only if the finite state acceptor A;(T")
accepts on input the empty word A, which can be determined very easily. This
proves our first result.

THEOREM 2.2. The following problem is decidable:
Instance. A finite, special, Church—Rosser Thue system T over Z.
Question. Does there exist a nontrivial idempotent for T?

Since, in general, for a finite Thue system T over =, a finite state acceptor for the
set IRR(T') — {A} is of size OQ2!™), where |T| = £, )< 7|/, the algorithm presented
above runs in exponential time only.

3. Idempotents for monadic Church—Rosser Thue systems. In this section we want
to carry over the result of the previous section to monadic Church—Rosser Thue
systems. However, as it will turn out, in this case the characterization of idempotents
is somewhat more complicated than in the case of special Church—Rosser Thue
systems.

LeEMMA 3.1. Let T be a monadic Church—Rosser Thue system over =, and let u € =*
be a nonempty irreducible word. Then the following are equivalent:

(i) u is an idempotent for T,

(i) (@) Ix, ye Z*: u=xy and yx > % A, or (b) Ax, y € Z*, a € 2: u = xay,
ayx » %\, and ayxa - % a.

PROOF. If u = xy with yx — % A, then
u? = XXy > F Xy =u,
i.e., u is an idempotent. If u = xay with ayx + % A and ayxa — % a, then
u = xjayxay =¥ xay = u,

i.e., u is again an idempotent.
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On the other hand, if u is an idempotent, then u? < % u implying that u> —>* u
according to the choice of u. Since T is monadic, there are words x, x’, y, y’ € Z*
and some a € 2 U {A} such that u = xx’ = y’y = xay with x’y’ —% a. Hence,
x’ =ayandy’ = xa.

If a = A, then we have u = xy with yx = x’y’ = % A, ie., (ii)(a) is satisfied. If
a € Z, then u = xay with ayxa = x’y" - % a. If ayx » ¥ A, then (ii)(b) is satisfied;
otherwise, u = x(ay) with (ay)x — ¥ A, i.e, (ii)(a) is satisfied. O

For a € 2, let INT (a) = {w € IRR(T')|awa — ¥ a}, and let INT; (a)| denote
the cardinality of this set.

LemMA 3.2. Let T be a monadic Church—Rosser Thue system over 2, and let a € Z.
If|INT,(a)| = 2, then T has a nontrivial idempotent.

PrROOF. Let a € 2 with |INT,(a)| > 2, and let w;, w, € INT(a) with w; # w,.
Then fori = 1,2, we have aw,a — % a, and hence,

* *
|aw,qw; = 1 aw; and w;aw,q — ¥ w,a,

i.e., aw; and w,a are idempotents for 7. If aw, » ¥ A, then aw, is a nontrivial
idempotent for T; if w,a + % A, then w;a is a nontrivial idempotent for T. So assume
that aw, > % A « ¥ w;a for i = 1,2. Then w;, « ¥ wyaw, » ¥ w, implying w; = w,
since w; and w;, are irreducible. This contradicts the choice of w; and w,. O

Now we can characterize the existence of nontrivial idempotents for a monadic
Church-Rosser Thue system as follows:

THEOREM 3.3. Let T be a monadic Church—Rosser Thue system over 2. There exists
a nontrivial idempotent for T if and only if one of the following three conditions is
satisfied:

(1) 3u € IRR(T) — (A}3Ax,y € Z*:u = xyandyx > %\, or

(i) 3a € Z: INT (a)| = 2, or

(iii) 3a € 23w € IRR(T): INT;(a) = {w} andaw » § .

PROOF. If there exists a u € IRR(T') — {A} satisfying (i), then this word u is a
nontrivial idempotent for 7 by Lemma 3.1. By Lemma 3.2 condition (ii) implies that
there exists a nontrivial idempotent for 7. Finally, if INT;(a) = {w} with aw » ¥ A
for some a € =, then u = aw is a nontrivial idempotent for 7.

So assume conversely, that there exists a nontrivial idempotent u € IRR(T) —
{A}. Then according to Lemma 3.1, u satisfies condition (i) or there are x, y € Z*
and some a € I such that u = xay, ayx » % A, and ayxa — ¥ a. Take w € Z* to be
the irreducible descendant of yx modulo 7. Then aw » % A, and awa — ¥ a implying
that w € INT,(a). Thus, either condition (ii) is satisfied with a, or condition (iii) is
satisfied witha and w. O

Thus, in order to determine whether there exists a nontrivial idempotent for 7 it is
sufficient to check conditions (i)—(iii) of Theorem 3.3. From the proof of Theorem
2.2 given in the previous section, we immediately derive the following.
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LEMMA 3.4. The following problem is decidable:

Instance. A finite, monadic, Church—Rosser Thue system T over 2.

Question. Does there exist a word u € IRR(T') — {A} that can be factored as
u = xy with yx - *X?

Lemma 3.4 shows that condition (i) of Theorem 3.3 is decidable.

LEMMA 3.5. Let T be a finite, monadic, Church—Rosser Thue system over 2. Then
for each a € Z, one can effectively construct a deterministic pushdown automaton M,
that recognizes INT,(a). In particular, INT (a) is a deterministic context-free
language for each a € 2.

PrOOF. Given a finite, monadic, Church—Rosser Thue system 7" over X and a
letter a € =, one can effectively construct a deterministic pushdown automaton
(dpda) M, recognizing [a]; and a finite state acceptor M, recognizing a - IRR(T') - a
[4]. From M, and M, we get a dpda M, that recognizes the set [a], N a - IRR(T) - a
= {awa|w € IRR(T) with awa © ¥ a}. Since T is Church—Rosser, we have awa < ¥
a if and only if awa — ¥ a. Thus, [a]; N a - IRR(T) - a = {awa|w € IRR(T') with
awa =¥ a} = a - INT (a) - a. By using well-known techniques for dealing with
dpda’s (cf. e.g. [10]) adpda M, recognizing the set INT,(a) can effectively be
constructed from M;. O

Given a dpda M we can determine the cardinality of the set L recognized by M,
and if L is finite, we can compute a list containing all the elements of L. Hence,
conditions (ii) and (iii) of Theorem 3.3 are also decidable. We can summerize the
results derived in this section as follows:

THEOREM 3.6. The following problem is decidable:
Instance. A finite, monadic, Church—Rosser Thue system T over 3.
Question. Does there exist a nontrivial idempotent for T?

4. Elements of finite order. Let 7 be a finite, monadic, Church—Rosser Thue
system over 2. If there exists a nontrivial idempotent for 7, then this idempotent is a
nontrivial element of finite order for 7. However, there may exist nontrivial elements
of finite order for 7, although there is no nontrivial idempotent for 7. For example,
this situation occurs when the monoid 2* /< ¥ is a finite group. Hence, the result
given by Theorem 3.6 is not sufficient for our purposes. Fortunately, we can
establish a bound for the length of the shortest nontrivial element of finite order for
T in case T has no nontrivial idempotents.

LEMMA 4.1. Let T be a finite, monadic, Church—Rosser Thue system over 2, and let
p = max{|/||/ € domain(T')}. If there does not exist a nontrivial idempotent for T,
then the following are equivalent:

(i) there is a nontrivial element of finite order for T,

(ii) there is a word w € =* of length |w| < u such that w is a nontrivial element of
finite order for T.

PrOOF. Obviously it suffices to prove that (i) implies (ii). So let w € Z* be a
shortest word that is a nontrivial element of finite order for 7. If |w| < p, then we
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are done. Hence, assume that |w| > u. Since w has finite order modulo 7, there exist
integers n > 0 and k > 1 such that w"** & * w". From the choice of w we see that
w < * . Hence, n + k > 2. Since T is Church—Rosser, the words w"** and w” have
a common irreducible descendant modulo T. In particular, w”** is reducible, and so
w? is reducible, since |[w| > p. Thus w = ww, = wyw, with (w,w;, a) € T for some
words w;, w,, w3, w, € Z* and somea € 2 U {A}.

Now |w,ws| < p < |w| = |wyw,| implying that |w;| < |w;|. Hence, there is some
word x € =* such that w, = w,x, i.e., w = wyxw,. This gives (xa)"***! &%
Oewyw3) "KL = xw) (wyxw, )" Rwy = xwpaw " R wy o X xwyw wy = xw, (Wi xw, ) "wy =
(xwyw3)" "t & % (xa)"*'. If xa & % A, then this shows that xa is another nontrivial
element of finite order for T with |xa| < |xw,w;| = |w|, thus contradicting the choice
of w. On the other hand, if xa © ¥ A, then we have w? = (wyxw,)? = wy(xw,w;)xw,
= wy(xa)xw, ©% wyxw, = w, i.e, w is a nontrivial idempotent for 7, thus
contradicting the assumptions about 7. Hence, jw| < p. O

THEOREM 4.2. The following problem is decidable:
Input. A finite, monadic, Church—Rosser Thue system T over 2, and a word w € Z*.
Question. Is w a nontrivial element of finite order for T?

PrOOF. Given T and w, we can easily decide whether w < % A holds or not [4]. If
w <> % A, then w is not a nontrivial element of finite order for 7.

Assume, that w ¢ * A. From w we can construct a finite state acceptor M,, for the
language {w} ™. From M, and T we get a finite state acceptor M2 for the language
A%({w} ") [8] and a finite state acceptor M, for IRR(T). By combining M’ and M,
we finally get a finite state acceptor M(T, w) that recognizes the language A%.({w} ™)
NIRR(T) = {u € IRR(T)| there is a k> 1 such that wk - % u}. It follows
immediately that w has finite order modulo T if and only if this set is finite. But the
cardinality of this set can be computed effectively from M(T,w). O

Because of Lemma 4.1, Theorem 3.6 and Theorem 4.2 now yield our main result.

THEOREM 4.3. The following problem is decidable:
Instance. A finite, monadic, Church—Rosser Thue system T over X.
Question. Does there exist a nontrivial element of finite order for T?

5. Presentations of free groups. Given a finite, monadic, Church—Rosser Thue
system T over 2, we can decide effectively whether or not the monoid M = =*/ < ¥
presented by (2; T') is a group [S]. If M is a group, then it is a context-free group
[18], since [A], is a deterministic context-free language [4]. But from Theorem II of
Muller and Schupp [18] we see that a finitely generated context-free group is free if
and only if it is torsion-free. Here a group is called torsion-free if it does not contain
any nontrivial element of finite order. Thus, Theorem 4.3 implies the following

THEOREM 5.1. The following problem is decidable:
Instance. A finite, monadic, Church—Rosser Thue system T over X.
Question. Is the monoid =* / < ¥ a free group?

Observe that it is undecidable, in general, whether a group given by a finite
presentation of the form (Z; T) is free or not, since the property of being free is a
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Markov property of finitely presented groups [14]. For a finite, monadic,
Church-Rosser Thue system 7 over Z, the test of whether or not the monoid
presented by (Z; T') is a group can be performed in polynomial time [S]. Further,
given w € =* we can derive a nondeterministic finite state acceptor for A%-({w} ™)
by using polynomial space [8]. If the monoid presented by (Z; T') is a group, then w
is a nontrivial element of finite order for T'if and only if w > ¥ X and A € A%({w}™).
Hence, we can check in polynomial space whether or not this group is torsion-free
by using Lemma 4.1. Thus, the problem stated in Theorem 5.1 is actually decidable
in polynomial space. However, if we restrict our attention to two-monadic Thue
systems, then this problem can be solved more efficiently. Here a Thue system T
over 2 is called two-monadic, if it is monadic, and if the left-hand side of each rule of
T is of length two.

LEMMA 5.2. Let T be a finite, two-monadic, Church—Rosser Thue system over 2 such
that the monoid 2* / < % is a group. Then the following are equivalent:

(i) There exists a nontrivial element of finite order for T.

(ii) There is a letter a € Z such that a has finite order modulo T.

(iii) There is a letter a € = such that a> € domain(T).

PROOF. Since the monoid 2*/ < ¥ is a group, there are no nontrivial idempotents
for T. Hence, if there exists a nontrivial element of finite order for 7, then by
Lemma 4.1 there is a letter a € Z such that a has finite order modulo 7. On the
other hand, if @ € = has finite order modulo 7, then for some k > 2, the word a* is
reducible modulo 7. Since T is two-monadic, this means that a?> € domain(7T).
Finally, if a* € domain(T) for some a € =, then a has finite order modulo T by
Lemma 4 of Avenhaus, Book and Squier [1]. T being two-monadic now implies that
a is a nontrivial element of finite order for 7. O

This lemma immediately implies the following.

THEOREM 5.3. The following problem is decidable in linear time:

Instance. A finite, two-monadic, Church—Rosser Thue system T over 2 such that the
monoid 2* / & X is a group.

Question. Does there exist a nontrivial element of finite order for T?

A group G that can be presented by a finite, two-monadic, Church—Rosser Thue
system is a free product of a finitely generated free group and finitely many finite
groups [2]. Hence, the group G is free if and only if it is torsion-free. This gives our
final result.

COROLLARY 5.4. The following problem is decidable in polynomial time:
Instance. A finite, two-monadic, Church—Rosser Thue system T over 2.
Question. Is the monoid Z* / <> ¥ a free group?
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